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1|Introduction    

Given the significance of combined heat transfer accompanied by concentration changes, extensive research 

has been conducted in this field in recent years. The influence of buoyancy forces, resulting from temperature 
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Abstract 

In this study, combined (mixed) convection heat and mass transfer within the boundary layer along a corrugated 

vertical surface is numerically investigated. The governing non-dimensionalized partial differential equations are 

solved using a fully implicit finite difference scheme, ensuring numerical stability and accuracy. The effects of several 

key physical parameters, including the buoyancy ratio, Richardson number (Ri), Prandtl number (Pr), and Schmidt 

number (Sc), on the flow, temperature, and concentration fields are systematically examined.The results reveal that 

increasing the buoyancy ratio and Richardson number significantly enhances both heat and mass transfer rates due 

to stronger buoyancy-induced flow. It is also observed that higher Prandtl numbers lead to an increase in the heat 

transfer rate, indicating thinner thermal boundary layers. Similarly, an increase in the Schmidt number results in 

enhanced mass transfer, corresponding to reduced concentration boundary layer thickness. Moreover, the influence 

of the wavy surface geometry on velocity, temperature, and concentration distributions is analyzed, demonstrating 

that surface corrugation plays an important role in modifying the boundary layer structure and transport 

characteristics. The outcomes of this study provide useful insights for the optimization and design of high-efficiency 

heat exchangers, chemical processing devices, and other engineering systems involving mixed convection flow over 

non-flat or wavy surfaces.  
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  and concentration gradients, plays a crucial role in heat and mass transfer processes. These phenomena are 

prevalent in numerous physical processes and engineering applications. Key examples include chemical 

distillation, the formation and dispersion of opacifiers, the design of heat exchangers, solar energy collectors, 

and thermal protection systems. Therefore, the study of mixed convection heat and mass transfer is of 

paramount importance. The interaction between flow convection and variations in temperature and 

concentration has been continuously studied in the past, with various findings reported in the literature. When 

heat transfer is coupled with mass transfer, the fluid flow exhibits mixed convection characteristics, 

particularly when free and forced convection mechanisms interact. 

Regarding research in the field of heat and mass transfer, Bottemanne [1] investigated steady-state free 

convection heat and mass transfer along a flat surface. They solved the governing equations analytically for 

Pr = 0.71 and Sc = 0.63. Callahan and Marner [2] examined free convection heat and mass transfer over a flat 

surface for $Pr = 1.0$ and a reasonable range of Schmidt numbers. Chang et al. [3] analyzed the effects of 

buoyancy forces on free heat and mass transfer within an open vertical duct. Yan and Lin [4] studied heat and 

mass transfer over two parallel plates featuring an evaporation layer. Further investigation into heat and mass 

transfer between parallel plates was conducted by Yan et al. [5], where they employed numerical methods to 

solve the equations. Lai [6] explored natural heat and mass transfer in porous media. Additionally, Yan [7] 

investigated combined heat and mass transfer in the turbulent flow of a wetted channel. 

In the present study, the combined heat and mass transfer of a Newtonian fluid along a vertical surface is 

investigated. After non-dimensionalizing the governing equations, the effects of key parameters such as the 

buoyancy ratio, Richardson number, Prandtl number, and Schmidt number on the Nusselt number, Sherwood 

number, and skin friction coefficient are examined. Furthermore, the influence of these parameters on the 

velocity, temperature, and concentration profiles is thoroughly analyzed. Nervo [8] aims to introduce the 

fundamentals of numerical methods in heat transfer and fluid dynamics and to apply them to the numerical 

analysis of a flat-plate solar collector. Jodat et al. [9] the injection of a small amount of micronized ethanol 

into a natural gas flame was investigated to enhance radiative heat transfer and reduce NOx emissions, and 

the results showed an increase in radiative heat flux along with a significant reduction in NOx. Aliaga et al. 

[10] introduces a novel concentrated solar chimney system with a compact design and high thermal efficiency 

that, by integrating solar concentration, molten salt thermal storage, and CFD modeling, significantly 

improves performance, response time, and cost-effectiveness compared to conventional systems. 

Askari and Taheri [10] in numerical study investigates natural convection heat transfer in a square enclosure 

with two semi-circular constant heaters using the finite element method. The results show that heater spacing, 

Hartmann number, and Rayleigh number significantly influence flow structure and heat transfer, governing 

the transition between conduction- and convection-dominated regimes. In [11] forced convection flow and 

heat transfer between two parallel plates partially filled with a porous medium using the lattice Boltzmann 

method. The results show that the presence of square obstacles representing the porous medium enhances 

thermal performance and increases the average Nusselt number. In the paper [12], the natural convection heat 

transfer of water-alumina nanofluid in a square porous cavity was investigated using the lattice Boltzmann 

method, analyzing the effects of Rayleigh and Darcy numbers, porosity, and nanoparticle volume fraction on 

flow and heat transfer. The results showed that increasing the nanoparticle fraction and Rayleigh number 

enhances heat transfer, while the porous medium restricts the flow. In the paper  [13], the dynamic  and thermal 

behavior of turbulent air flow in a two-dimensional horizontal channel with inclined baffles was numerically 

investigated. The results showed that increasing the baffle inclination enhances turbulence, alters flow 

distribution, and improves heat transfer and the local Nusselt number. 

vertical plate is investigated. Following the non-dimensionalization of the governing equations, the influence 

of various parameters, including the buoyancy ratio, Richardson number (Ri), Prandtl number (Pr), and 

Schmidt number (Sc), on the Nusselt number (Nu), Sherwood number (Sh), and skin friction coefficient (C_f) 

is examined. Furthermore, the effects of these parameters on the velocity, temperature, and concentration 

profiles are thoroughly analyzed. 
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  2|Mathematical Formulation 

The boundary layer flow of the fluid under consideration passes over a semi-infinite vertical surface. The 

corrugated surface of the body is maintained at a constant temperature (T_w) and constant concentration 

(C_w), which are higher than the ambient temperature (T_\infty) and concentration (C_\infty). The free-

stream velocity and the inlet velocity (at the leading edge of the plate) are assumed to be zero. Furthermore, 

the fluid flow is considered to be laminar, incompressible, steady, and two-dimensional. Viscous dissipation 

effects are neglected. Accordingly, by employing the boundary layer approximation and the Boussinesq 

approximation, the governing equations are formulated as follows: 

The boundary conditions for the governing equations are specified as follows: 

I. On the surface (y = 0):
w wT T ,c C ,u v 0.= = = =    

II. In the free stream ( y→ ):T T ,c C ,u U .  → → =  

The dimensionless variables are defined as follows: 

Substituting the dimensionless Variables (5) into Eqs. (1)–(4) yields the following system of equations for 

numerical analysis: 

The boundary conditions in the dimensionless form are expressed as follows: 

On the surface (y = 0): θ 0,C 1,U V 0.= = = =  

In the free stream ( y→ ): θ 0,C 0,U 1.= = =  

The local Nusselt number is defined by the following relation: 
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By employing Newton’s law of cooling and Fourier’s law, the local Nusselt number can be expressed as 

follows: 

The following expression for the local Nusselt number is obtained after performing the necessary 

transformations: 

The local Sherwood number is defined by the following expression: 

After performing the transformations, the following expression for the local Sherwood number is obtained: 

The shear stress at the surface and the skin friction coefficient are expressed by the following relations: 

By substituting Eq. (16) into Eq. (17), the following expression is obtained in terms of ( ) ( )
1
2

x f2Re C :  

3|Numerical Method 

The dimensionless governing Eqs. (7)-(9) are solved to obtain the velocity (U), temperature (θ ), and 

concentration (C) fields using a fully implicit decoupled finite difference method. Specifically, for the diffusion 

and transverse convection terms, a central difference scheme is employed, while the axial convection terms 

are discretized using a backward difference scheme (upwind scheme). The resulting discretized equations are 

formulated into a tri-diagonal matrix and solved using the Thomas algorithm by applying the specified 

boundary conditions.  

4|Results and Discussion 

Figs. 1-3 illustrate the effect of the buoyancy ratio (N) on the local Nusselt number, local Sherwood number, 

and skin friction coefficient. It is observed that an increase in the buoyancy ratio (N) leads to an increase in 

the Nusselt number, Sherwood number, and skin friction coefficient. This indicates that enhancing the 

buoyancy force N promotes both heat and mass transfer rates. This trend is physically justifiable because the 

thicknesses of the thermal and concentration boundary layers decrease as the buoyancy parameter increases. 

Consequently, given the constant surface temperature, the temperature and concentration gradients at the 

x

f

hx
Nu .

K
=  

(10) 

x

w

T
x
y

Nu .
T T




=

−

 (11) 

1 2

x x

y 0

θ
Nu Re .

y
=


=


 
(12) 

d
x

w

c x
h x y

Sh .
D C C




= =
−

 (13) 

1 2

x x

y 0

C
Sh Re .

y
=


=


 
(14) 

w

u v
τ μ .

y x

  
= − 

  

 (15) 

w
f 2

2τ
C .

ρU

=  
(16) 

( )
n

1
2

f

y 0

u
2Re C .

y
=

 
=  

 

 
(17) 



 Chuchotsakunleot|Mech. Technol. Eng. Insights. 2(3) (2025) 199-209 

 

203

 

  wall become steeper the concentration gradient also increases. Consequently, the heat and mass transfer rates, 

which are proportional to the temperature and concentration gradients, are enhanced. 

Fig. 1. Axial distribution of the local Nusselt number for 

Pr = 0.7, Sc = 1.0, Ri = 0.2, and various values of N. 

Fig. 2. Axial distribution of the local Sherwood number for 

Pr = 0.7, Sc = 1.0, Ri = 0.2, and various values of N. 

 

Fig. 3. Axial distribution of the skin friction coefficient for 

Pr = 0.7, Sc = 1.0, Ri = 0.2, and various values of N. 
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  Figs. 4-6 illustrate the effect of the Richardson number (Ri) on the local Nusselt number, skin friction 

coefficient, and local Sherwood number, respectively. It is evident that increasing the Richardson number 

enhances the influence of natural convection, thereby increasing the heat and mass transfer rates. 

Furthermore, as the buoyancy force intensifies with higher Richardson numbers, the fluid velocity increases, 

leading to a steeper velocity gradient. Consequently, the skin friction coefficient also increases. The influence 

of the Richardson number on the velocity profile is depicted in Fig. 7. 

Fig. 4. Axial distribution of the local Nusselt number for Pr = 0.7, 

Sc = 1.0, N = 1.5, and various values of Ri. 

 

Fig. 5. Axial distribution of the skin friction coefficient for Pr = 0.7, 

Sc = 1.0, N = 1.5, and various values of Ri. 

Fig. 8 and Fig. 9 illustrate the effect of the Prandtl number (Pr) on the local Nusselt number and skin friction 

coefficient. It is observed that an increase in the Prandtl number leads to a decrease in the skin friction 

coefficient. This occurs because lower density enhances the sensitivity of the buoyancy force effect, leading 

to significant variations in the wall velocity gradient (Fig. 10). Conversely, as the Prandtl number increases, 

the temperature gradient at the wall becomes steeper (Fig. 11), resulting in a higher Nusselt number. 

Furthermore, Fig. 10 and Fig. 11 demonstrate that the thermal boundary layer thickness decreases as the 

Prandtl number increases. 
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Fig. 6. Axial distribution of the local Sherwood number for 

Pr = 0.7, Sc = 1.0, N = 1.5, and various values of Ri. 

Fig. 7. Temperature profiles for Pr=0.7 , c=1.0 , N=1.5 ,and 

various values of Ri at X=2.5. 

 

Fig. 8. Axial distribution of the local Nusselt number for $N = 0.75$, 

$Sc = 0.7$, $Ri = 0.5$, and various Prandtl numbers. 
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Fig. 9. Axial distribution of the skin friction coefficient for N = 0.75, 

Sc = 0.7, Ri = 0.5, and various Prandtl numbers. 

Fig. 10. Velocity profiles for N = 0.75, Ri = 0.5, Sc = 0.7, and various 

Prandtl numbers at X = 2.5. 

Fig. 11. Temperature profiles for N = 0.75, Ri = 0.5, Sc = 0.7, and 

various Prandtl numbers at X = 2.5. 
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  Fig. 12 and Fig. 13 illustrate the influence of the Schmidt number (Sc) on the local Sherwood number and skin 

friction coefficient. The results indicate that an increase in the Schmidt number leads to an enhancement in 

the Sherwood number and a reduction in the skin friction coefficient. Since the concentration equation is 

analogous to the energy equation, the effects of the Schmidt number are expected to be similar to those of 

the Prandtl number. This can be justified by the fact that an increase in the Schmidt number, which 

corresponds to a decrease in the mass diffusion coefficient, slows down the fluid motion and enhances the 

mass transfer rate. Consequently, the concentration gradient at the surface increases, leading to a higher 

Sherwood number (Fig. 14). Furthermore, as the Schmidt number increases, the fluid velocity and its gradient 

at the wall decrease, resulting in a lower skin friction coefficient. Regarding the concentration profile, it is 

observed that the thickness of the concentration boundary layer decreases as the Schmidt number increases. 

 

Fig. 12. Axial distribution of the local Sherwood number for N 

= 0.1, Pr = 0.1, Ri = 0.4, and various Schmidt numbers. 

 

 

Fig. 13. Axial distribution of the skin friction coefficient for 

N = 0.1, Pr = 0.1, Ri = 0.4, and various Schmidt numbers. 
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Fig. 14. Concentration profiles for N = 0.1, Pr = 0.1, Ri = 

0.4, and various Schmidt numbers at X = 2.5. 

Fig. 15. Velocity profiles for N = 0.1, Pr = 0.1, Ri = 0.4, and 

various Schmidt numbers at X = 2.5. 

 

5|Conclusion 

In this study, mixed convection heat and mass transfer along a vertical plate has been investigated. The 

governing equations were non-dimensionalized using appropriate dimensionless parameters and subsequently 

solved using a fully implicit finite difference method. The key findings are summarized as follows: 

An increase in the buoyancy ratio (N) leads to an enhancement in the local Nusselt number, local Sherwood 

number, and skin friction coefficient. 

As the Richardson number (Ri) increases, the influence of natural convection becomes more dominant, 

resulting in higher heat and mass transfer rates. 

The analysis of the Prandtl number (Pr) indicates that higher Pr values lead to a thinner thermal boundary 

layer, thereby increasing the heat transfer intensity. 

Similarly, an increase in the Schmidt number (Sc) results in a higher Sherwood number and a reduction in the 

concentration boundary layer thickness. 
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